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Abstract
This paper analyses the thermoelectric power of two- and three-terminal quantumdot devices under
large thermalΔT and voltageV biases, and their performance as thermoelectric heat engines. The
focus is on the interaction between electrons, far-from-equilibrium conditions, and strongly
nonlinear transport, which all are important factors affecting the usefulness of the devices. To properly
characterise the thermoelectric properties under such conditions, two different Seebeck coefﬁcients
are introduced, generalizing the linear response expression. In agreementwith previouswork, weﬁnd
that the efﬁciency of the three-terminal thermoelectric heat engine, asmeasured by the delivered
power, is optimal far from equilibrium.Moreover, strongCoulomb interactions between electrons on
the quantumdot are found to diminish the efﬁciency atmaximumpower, and themaximal value of
the delivered power, both in theKondo regime and beyond.
1. Introduction
Thermoelectricity, the invention of the 19th century, is still at the forefront of research due to its importance for
space exploration and automotive industry [1], andmanymore branches ofmodern technology both at large [2]
and small [3] scales. Attempts toﬁnd high performance thermoelectric bulkmaterials [4], including thosewith
topologically non-trivial [5] band structure, have seen limited progress. In the last few decades, a lot of attention
has been put forward towards nano-devices [6] andmolecular systems [7, 8], utilizing quantum effects to boost
their thermoelectric performance towards the thermodynamic limit [9].
When a temperature gradient∇T (or a temperature differenceΔT) is established across a bulkmaterial, a
voltageV is generated. The response of an isotropic system is characterised by the Seebeck coefﬁcient
= - D = D S
V
T
, 1
I T0, 0
⎜ ⎟⎛⎝
⎞
⎠ ( )
deﬁned under the condition of zero charge current. The same formal deﬁnition can be used for a nano-structure
with two external electrodes [10] (see ﬁgure 1(a)). However, equation (1) has to be generalized for geometries
with several electrodes—as, e.g. the one shown inﬁgure 1(b)—where awholematrix of Seebeck coefﬁcients
[11, 12]has to be introduced.
In bulk systems the linear approximation is generally a valid simpliﬁcation. Under such a condition the
thermoelectric ﬁgure ofmerit,ZT=GS2T/κ, whereG is the conductance, andκ the thermal conductance, is
viewed as themost important factor deciding on the usefulness of thematerial as heat to electricity converter:
namely, the efﬁciency is given by h h= + - + +ZT ZT1 1 1 1C ( ) ( ), where ηC is theCarnot value. In
nanostructures containing quantumdots, however, we are virtually always dealingwith a nonlinear situation, as
mentioned earlier [13–15], and carefully discussed recently [6]. The small ratio of the sample length to the
thermalization length in nanostructures is responsible for their very different behaviour compared to bulk
systems. This has a profound effect on the analysis of small heat engines, and implies that the thermoelectric
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ﬁgure ofmeritZT is not a useful parameter anymore to judge the efﬁciency. In particular, a nano-systemwith a
largeZT [16]may in fact feature a small efﬁciency [17, 18].
From a basic point of view, the Seebeck coefﬁcient provides additional and novel information about the
studied system compared to that obtained from the electrical conductivity: the latter ‘measures’, in the simplest
case, the density of states at the Fermi level,N(EF), and the former its slope,N′(EF). The thermopower can also be
related to the entropyﬂowing between different parts of the system. In fact, the entropy of nano-systems has
been recentlymeasured [19] bymeans of thermoelectric transport. A strong increase of S in nano-devices and
nano-structuredmaterials has been observed [20], in agreement with the earlier proposal [21]. Recent studies
[22] have shown that doping or nano-structuring bulk thermoelectricmaterialsmay lead to the required
modiﬁcations of the energy spectrum close toEF, but also to a localization of states which deteriorates the
system’s performance.
Furthermore, it has been proposed [14, 23] that nonlinear working conditions can favourably affect the
performance of heat engines. Recent studies in this direction include [24–29] and have been reviewed
recently [30].
The aimof the present work is to study the thermoelectric transport of quantumdot based nano-devices by
means of the non-equilibriumGreen function approach, takingCoulomb interactions and nonlinear effects
into account. In the nonlinear regime,more general deﬁnitions of the Seebeck coefﬁcient than that given in
equation (1) are needed; these are especially important when an externally applied voltageV is present while the
system is thermally biased. In the presence of interaction and at low temperature, the Kondo effect is expected to
dominate the transport properties [31–36]. The present investigation, which signiﬁcantly extends our previous
studies of non-equilibrium screening effects [37] in three-terminal two-quantum-dot heat engines [28, 38], is
important for a better understanding of the interaction effects in far-from-equilibrium situations and in the
Kondo regime.
As the theoretical treatment of an interacting quantumdot out-of-equilibrium is of importance in itself, we
present in some detail the semi-analytical technique proposed by Lavagna [39]. It is based on the equation of
motionmethod (EOM) [40] for the non-equilibrium (orKeldysh)Green functions [41], with important
additions introduced by herwhich allow to properly describe theKondo effect in the linear and the nonlinear
regime, i.e. under large voltage and temperature differences between the electrodes, as well as for the particle-
hole symmetricmodel.We shall discuss this inmore detail at the end of the next section.
Figure 1.Two examples of devices with quantumdots. In panel (a)we show a two-terminal quantumdot device with the left electrode
at higher temperature (red). Panel (b) shows a simple nano-engine with one hot (red) and two cold electrodes (blue) and two quantum
dots (grey). In the latter case theﬁltering properties of quantumdots are important for the performance of the device.
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The use of the equation ofmotion (EOM) technique for studying the single-impurity Andersonmodel has a
long history [42–44], mainly in the context of impurities inmetals. Some of the attempts at generalizing the
original EOMand the decoupling procedures have been summarized in [45].
The organization of the paper is as follows. In section 2we present themodel and our approach of calculating
the charge and heat currents bymeans of theKeldysh non-equilibriumGreen function (GF) technique.We also
derive the exact—in thewide-band-limit—formula for the lesser GF. The resulting spectral function of the
quantumdot is discussed in section 3 at low temperatures and for various conditions including particle-hole
symmetry and non-equilibrium. Two relevant deﬁnitions of the Seebeck coefﬁcients, valid in the nonlinear
regime, are proposed and evaluated in section 4. TheCoulomb interaction between electrons in the three-
terminal quantumdot heat engine is found to diminish the performance of the device in question, as discussed
in section 5. TheKondo effect shows up as a two-leaf structure of the performance diagramon the efﬁciency-
power plane. Summary and conclusions are given in section 6.
2.Modelling the device and calculating currents
Herewe discuss the simple geometry where the system consists of a quantumdot(s) tunnel-coupled to two
(three)normal electrodes as shown in ﬁgure 1. TheHamiltonian of the system iswritten as
å å åe e= + + + +
l s
l l s
s
s s
l s
l s l s s l s s l s H n n Un n V c d V d c , 2
k
k k
k
k k k k
, ,
*( ) ( )† †
where =l s l s l sn c ck k k† and =s s sn d d† denote particle number operators for the leads and the dot, respectively.
The operators l s sc dk ( )† † create electrons in respective statesλkσ (σ) in the leadsλ=L,R,H (on the dot). The
wave vector k denotes the Bloch state in the electrodes, the spin is s =   1 ,( ), and εσ is the generally spin-
dependent dot electron energy level. For the concrete results presented in the next sections wewill take εσ to be
spin-independent, e e e= =  d . The quantity l sV k describes the tunneling of electrons from the dot to the
electrodeλ, and theHubbard parameterU the repulsion between two electrons on the dot.
Calculations of the charge and heat currentsﬂowing out of a given lead are standard [41]. Evaluating the
required commutators one arrives at the expressions
ò åp= G + -l s sl s l s s<I
e E
E G E f E G E G E
i d
2
, 3r a( ){ ( ) ( )[ ( ) ( )]} ( )
ò åp m= G - + -l s sl l s l s s<J
e E
E E G E f E G E G E
i d
2
. 4r a( )( ){ ( ) ( )[ ( ) ( )]} ( )
The parameters p d eG = å -sl l s lE V E2 k k k2( ) ∣ ∣ ( ) describe the coupling between the dot and the respective
electrodes. TheGreen functions = áá ññs s sG E d di Ei( ) ∣ † with i=r, a,< determine the spectral properties of the
quantumdot aswell as the transport properties of thewhole system.Having inmind non-equilibrium transport
induced by a voltage bias and/or a temperature difference, we keep the dependence of the Fermi distribution
functions fλ(E) on the electrodeλvia its chemical potentialμλ and its temperatureTλ.
The important issue is the calculation of the lesser GF entering the above equations. In the literature various
approximate schemes are used.Here, we show that in the steady state and in thewide-band approximation (i.e.
for energy independent couplings: G = Gs sEL R L R, ,( ) ), one can derive [39] the exact expressions for the lesser GF in
terms of the retarded and advanced functions and thus closed formulas for the currents. First, from
á ñ = á ñs s sn c t c t( ) ( )† and the deﬁnition of the lesser GF, one has [41]
ò pá ñ = -s s<n E G Ei d2 . 5( ) ( )
The derivation thenmakes use of the fact that in the steady state
= á ñ = = -s s s
n
t
n
t
n H0
d
d
d
d
i
, . 6[ ] ( )
Working out the commutator in (6), using (5) and the Langreth theorem [46], it is straightforward to derive the
following ‘self-consistency’ condition [39]:
ò pá ñ = G + GG + G -s s ss s s sn
E f E f E
G E G Ei
d
2
. 7
L
L
R
R
L R
r a( ) ( ) [ ( ) ( )] ( )
Let us underline again that the expression (7) is exact under the proviso that the couplings to the leads are energy
independent, G º G =sl slE const( ) . If this condition is violated, as itmight be the case in graphene [47–49],
hybrid systemswith one (or both) of the electrodes being a superconductor, e.g. d-wave [50], other approaches
are needed. Formodels with energy dependent couplings one still has to rely on approximate relations between
the lesser self-energySs< E( ) and the retarded one,Ss Er ( ), making use ofNg’s approximation [51], a
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generalisation of theﬂuctuation-dissipation theorem [24], or using the equation ofmotion for the lesser GF [52]
and suitable decoupling. For recent attempts to include the energy-dependent couplings, see the paper [53].
Within the above (exact in the steady state and for constantΓʼs) formulation, the charge current across the
two-terminal system can bewritten in terms of the retardedGF only:
òå p= G -s s sI
e E
f E f E G E
2 d
2
Im , 8L R
r˜ [ ( ) ( )] ( ) ( )
where G = G G G + Gs s s s sL R L R˜ ( ).We stress that the above formula is an exact representation of the current in
terms of the retardedGFof the interactingHamiltonian, which has to be calculated either numerically or
analytically. Herewe adopt the latter approach, though obviously calculating theGF analytically requires some
approximations; see the supplementarymaterial3 for details. In brief, the decouplings we are using ensure that
theGFs are formally exact up to second order in the couplings. Additionally, we correct the result by
phenomenologically introducing the lifetimes [39] of various states, which is important to capture theKondo
effect. It turns out that the proposed scheme properly describes theKondo resonance in the density of states even
in the particle-hole symmetricmodel. The expression (8) is analogous to thewell-knownMeir–Wingreen
formula [54]. Oneﬁnds I=IL=−IR for the charge current, and = +Q J JL R for the total heat current leaving
the leads. For later usewe deﬁne the power, P=(μR−μL)I/e, and the voltage bias,V=(μR−μL)/e, across
the system.
Our general formulas for the charge and heat currents (4) are readily applied, e.g. to the three-terminal
system shown inﬁgure 1(b). In such a device, the heat isﬂowing from the hot to the two cold electrodes.We
assume that no charge currentﬂows out of or into the hot electrode. The charge ﬂow is controlled by the gate bias
of the quantumdots, which hence act as energyﬁlters. The total heat current in the system is
= + +J J J J . 9H L R ( )
Introducing a ‘load’ between the two cold electrodes, in the ﬁgure (1) shown as an external voltageV, oneﬁnds
the system’s energy harvesting efﬁciency as
h = IV
J
. 10
H
( )
To calculate currents we ‘only’ require the retardedGreen function. There exist a few numerically exact
approaches: e.g. among themany techniques applied to study the single-impurity Andersonmodel the quantum
MonteCarlo [55] and the numerical renormalization group [56]methods should bementioned.However, in
this workwewill use the analytic EOM technique, which has proven to be quantitatively correct [39, 57], and
valid far from equilibrium. In addition, in our opinion this approach is physicallymore transparent than purely
numericalmethods, as discussed below.
After a couple ofmanipulations, the on-dot GF is obtained as follows:
eáá ññ =
+ á ñ + -
- - S + S + S - - Ss s
s s s
s s s s s
d d
I E n b b
E I E b b
1
, 11E
d
d
T T
1 2
0 1 2 1 2 0
∣ ( )[ ]
( )[ ( ) ]
( )† ¯ ¯ ¯
¯ ¯
where
e= - - - S - S - Ss s s s
I E
U
E U
. 12d
0
1 2
( ) ( )( ) ( )
Details of the derivation and the deﬁnitions of the parameters are given in the SupplementaryMaterial (See
footnote 3). The above expression for theGF, equation (11), agrees with that obtained earlier by Lavagna [39].
It should be remembered that previous attempts to calculate the on-dot GF bymeans of the EOM technique
encountered a serious problem.Namely, it was not possible to describe theKondo resonance for the particle-
hole symmetric system. Lavagna and co-workers [39, 57], however, have shown that for the correct description
of theKondo effect it is necessary to supplement the equations for the dotGF by two ingredients. First, one
should introduce theﬁnite lifetimes of singly and doubly occupied states on the dot. Second, it is important to
include themany-body renormalization of the dot energy level εd. Thus, ﬁrst, one replaces the E+i0 terms in
the deﬁnitions of variousGreen and correlation functions by g+ aE i ˜ , where the inverse lifetimes ga˜ of the
excited states a s= ñ  ñ, ,∣ ∣ are due to higher order processes. They can be calculated up to the desired order via
the generalized Fermi rule as
åg p d= á ñ -a a a
ñ
T E E E2 , 13
f
f
2˜ ∣ ( ) ∣ ( ) ( )
∣
with = + +T E V Vg E V( ) ˆ ˆ ( ) ˆ the scatteringmatrix, where Vˆ denotes the part of theHamiltonian
describing the coupling between quantumdot and reservoirs. Second, one replaces εd by ed˜ , to be calculated self-
3
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consistently from
e e e e= + S + S . 14d d T d T d1 2˜ (˜ ) (˜ ) ( )
TheGF (11) has been shown to fulﬁl the unitarity limit, and to describe quantitatively correctly the Kondo effect
[39] even in particle-hole symmetric systems in and out-of equilibrium.
3. Kondo effect in equilibriumand far from equilibrium
For illustrative purposes and in order to introduce the framework, we discuss in this section the properties of an
interacting quantumdot between two normal electrodes, as illustrated inﬁgure 1(a).We start the presentation of
the results by showing the density of states (DOS) of the quantumdot, which is calculated as usual as
p= -ås sN E G EIm r( ) ( ) from the retardedGreen function, in various regimes. Fromnowon, we neglect the
spin dependence of the couplings, and slightly change the notation: G = G = G L L L, G = G = G R R R. In
addition, wemeasure all energies in units ofΓ0≡ΓL. The particle-hole symmetric case is of special importance
as it is well known [39] that all previous attempts to use the EOMmethod failed in this case [58, 59]. The issue has
been discussed extensively in the literature [43–45]; a critical comparison between EOM-based and other
approximations has been presented very recently [60].
Inﬁgure 2we present theDOS in the particle-hole symmetric situationwith εd=−4Γ0 andU=8Γ0. Both
lower and upperHubbard bands centered in energy around εd and εd+U are clearly visible. At the same time,
the Abrikosov–Suhl, sometimes also calledKondo resonance develops at the chemical potential.
The external bias shifts the chemical potentials of the leadsμL/R=μ±eV/2 to new positions, and the
Kondo peak splits into twowith each resonance pinned to the chemical potential of the lead. In particular,
ﬁgure 2 shows the evolution of the two peakswith temperature. AtT=0.001Γ0, they are very sharp, while at
T=0.1Γ0 they are reduced but still clearly visible. The changes of the Kondo resonancewith bias and
temperature are crucial to understand the behaviour of the thermally induced current and the (nonlinear)
thermoelectric power as discussed in the next sections. At still higher temperatures (not shown) bothKondo
peaks vanish altogether, and only lower and upperHubbard bands survive. TheKondo resonance is due to spin
ﬂip processes on the dotwhile theHubbard sub-bands are related to charge ﬂuctuations. This explains the
relative robustness ofHubbard sub-bandswith increasing temperature, and the fragility of the Kondo
correlations.However, voltage and temperature affect the Kondo resonance in a different way.While a voltage
eV>TK leads to a splitting of the resonance in two sub-peaks with concomitant decrease of theirmaximum, the
ﬁnite temperature only lowers the height of the peak and broadens it. All these features are well reproduced by
the used decoupling scheme.Outside the particle-hole symmetric point, the voltage-split Kondo resonances are
not symmetric anymore. This ismainly due to the closer proximity of one of the resonances to the lower
Hubbard band. The individual resonances are pinned to the Fermi levels of the respective electrodes. This is well
visible inﬁgure 2(b), and also inﬁgure 3(a).
We now add a thermal bias to one of the electrodes, with focus on the question of how the density of states
evolves with temperature difference.We start with the split Kondo resonance as shown inﬁgure 3(a). The
temperature of the right lead is kept constant, atTR=T, while we gradually increase the temperature of the left
electrode,TL=T+ΔT. Panel (a) ofﬁgure 3 shows the voltage-split Kondo peaks forΔT=0, for easy
Figure 2.Density of states (DOS) for the particle-hole symmetric interacting quantumdotwith εd=−4,U=8 (TK≈0.061) (a),
and for εd=−4,U=12 (TK≈0.026 3) (b), where theKondo temperature,TK, is calculated from theHaldane formula,
equation (17). In both panels theDOS is given for two values of the system temperature,T=0.1 and 0.001, and for a number of
voltagesV applied between left and right electrode. One observes the evolution of theKondo peakwith increasing bias. The black
(solid) curve in both parts of theﬁgure refers toV=0 andT=0.001, and the other curves to increasing values ofV. Energies are
given in units ofΓ0≡ΓL, here and in the following ﬁgures and their captions. Also inmost formulas we set kB=1.
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comparison, while panel (b) demonstrates the evolution of both peakswith increasingTL. The peak pinned to
the chemical potential of the left electrode (appearing at E=μL) is strongly affected by the temperature bias, it
broadens and vanishes with increasing temperature. One observes only small changes of the other Kondo peak.
Thus under voltage and temperature bias the peaks’heights andwidths dependmainly on the conditions (V,
ΔT) at the electrodewith the chemical potential towhich it is pinned. For diminishing external voltage bias both
peaks overlap in energy, and one observes a single feature in the density of states corresponding to the average
temperature,Tav=(TL+TR)/2, of the system.
4. Linear andnonlinear thermopower and the role of asymmetry
Nonlinear effects are expected to be important formany experiments on nano-devices [6, 15]. Hence in such
cases alternative deﬁnitions of the thermoelectric coefﬁcients are required. To start with, a suitable
generalisation of the deﬁnition (1) of the Seebeck coefﬁcient to nonlinear situations reads
= - D D =S
V
T
. 15n
I T V, 0
⎜ ⎟⎛⎝
⎞
⎠ ( )( )
The traditional way tomeasure the Seebeck coefﬁcient assumes the application of the temperature biasΔT, and
ﬁnding the voltageV such that the current across the device vanishes, I(ΔT,V )=0. In this formulation, the
only source of nonlinearity is directly given by the value ofΔT, assumed to be large enough to preclude the linear
expansion of the charge current I(ΔT,V ) inﬁrst powers ofV andΔT.
On the contrary, when the linear expansion is valid,V→0 andΔT→0, we have I(ΔT,
V )=L11V+L12ΔT, and the corresponding thermopower is given by the ratio of kinetic coefﬁcients,
S=L12/L11. Expanding equation (8) for smallV andΔTup to linear order, oneﬁnds an explicit expression
for S.
Sometimes the deﬁnition (15) of the nonlinear Seebeck coefﬁcient Sn is extended to the differential one, Sd,
calculated formally for constant currentﬂowing as a result of the external voltageV. This Sdmeasures the
response of the systemwith currentﬂow to aminute change in temperature difference. At a given applied
external voltageV and temperature differenceΔT, Sd is hence deﬁned [31, 61] as
= - ¶¶D = -
¶
¶D
¶
¶ D
S
V
T
I
T
I
V
. 16d
I V T
⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛⎝
⎞
⎠
⎛
⎝
⎞
⎠
⎛
⎝
⎞
⎠ ( )
As argued earlier, Sd should be accessible experimentally [31] in appropriate ac circuits. In that paper, the
response ¶ ¶DI T( ) has been calculated under the additional assumption that, at a given external voltage, a very
small temperature biasΔT is applied to the system. The deﬁnition (16) is analogous to the differential
conductanceG(V )=∂I/∂V often employed in the nonlinear regime.
Here we investigate the generalisation of Sd to arbitrary temperature differences and arbitrary bias as well as
its comparison to Sn and S. Of course, for inﬁnitesimally smallΔT andV all deﬁnitions are equivalent and lead to
the same result, S=Sn=Sd. For arbitraryV andT but vanishingly smallΔT, the twononlinear Seebeck
coefﬁcients are equal, Sn=Sd. However, for both a largeΔT and a large bias voltageV, they differ, with the
relative values depending on the parameters (see below).
To gain some feeling about the relative values and the behaviour of the three, generally different Seebeck
coefﬁcients, we show inﬁgure 4 the linear, S (where appropriate), as well as the nonlinear, Sn, and the
differential, Sd, coefﬁcients as calculated for the two-terminal device. The panels (a)–(c) inﬁgure 4 illustrate their
Figure 3.DOSof the quantumdot for the voltage eV=0.5 applied between left and right electrode (a), showing twoKondo peaks
pinned at the chemical potentials of the leadsμL/R=±eV/2. In panel (b) the evolution of theKondo peakswith increase of
temperature in the left lead byΔT is illustrated. The other parameters are: εd=−4,U=10,T=0.01, andΓR=1.
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dependence on temperature, temperature difference, and voltage.We assumeTR=T,TL=T+ΔT,
μL=μ+eV/2,μR=μ−eV/2, andU=8Γ0, εd=5Γ0. ForU=8Γ0 and εd=−5Γ0, theHaldane formula
for theKondo temperature
pe e= G +G G =
G + G
T
U U
U2
exp ,
2
, 17K
N d d
N
N
L R
⎡
⎣⎢
⎤
⎦⎥
( ) ( )
leads toTK≈0.071Γ0.
Figure 4(a) illustrates theT-dependence of all Seebeck coefﬁcients for three values of the voltage
eV=−0.1Γ0, 0, and 0.1Γ0, and for a very small temperature difference,D T 0. The valueV=0 in fact
denotes a very small voltage, V 0. For the actual calculations, we have used δT=10−9Γ0, and to calculate the
voltage derivative in (16)wehave used δV=10−9Γ0. All coefﬁcients have the same value S=Sn=Sd for
V→0. For a relatively large value ofV, the calculation of S ismeaningless; theﬁgure shows that independent of
T and for both values ofV one has Sn=Sd (since the applied temperature difference is inﬁnitesimal).
The situation is different ifΔT isﬁnite. The results forV=0 are presented inﬁgure 4(b); it is apparent that
all coefﬁcients assume different values, except for very smallΔT. The differences increase with increasingΔT,
with Sd lying below Sn (and Sn below S) for allT and a given set of parameters.
For ﬁnite voltages the relative order of Sn and Sdmay be different, as is visible frompanel (c) of the ﬁgure. The
Seebeck coefﬁcient Sn provides a generalisation of the standard deﬁnition to the nonlinear regime, while the
differential one, Sd, characterises the response to aminute temperature change of the voltage biased system. The
data presented inﬁgure 4(c) have been obtained forT=0.01Γ0, and the two valuesΔT=0.005Γ0 and 0.05Γ0.
For small temperature bias the curves corresponding to Sn and Sd are rather close to each other. However, for
largerΔT the nonlinear dependence of the Fermi functions and the on-dot density of states onV andΔT lead to
various contributions to both Sn and Sd.
Figure 4. (a)Themiddle curve shows that all three Seebeck coefﬁcients (linear, S, nonlinear, Sn, and differential, Sd) of the two-
terminal device calculated forV=0 and an inﬁnitesimal value ofΔT agree with each other for all temperatures. The two other curves
represent the nonlinear thermopowers Sn=Sd, calculated for two values of bias, eV=−0.1 and eV=0.1. (b)Herewe show the
three thermopowers versus temperature differenceΔT between left and right electrodes, withTR=T,TL=T+ΔT, calculated for
the base temperaturesT=0.05, 0.10, and 0.15, and forV=0. For largeΔTʼs strong nonlinearities are clearly visible, as well as
apparent differences between the coefﬁcients. (c)Voltage dependence of the nonlinear Seebeck coefﬁcients Sn and Sd for two
temperature differences,ΔT=0.005 andΔT=0.05. (d)The ratio S/Sn depends on the systemparameters. Here it is shown for
T=0.1, and εd=−2.5,−2, and 5.Other parameters are:U=8,Γ0≡ΓL=ΓR. The results presented in panels (a)–(c) have been
obtained for εd=5.
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It has to be underlined that S can be smaller or larger than Sn, depending on the systemparameters. For
example, for εd=−2.5Γ0,T=0.1Γ0, and other parameters as inﬁgure 4(d), we have >S Sn∣ ∣ ∣ ∣, with the
difference increasingwithΔT. It is also apparent that for εd=5Γ0 the ratio is smaller than one, i.e. for these
parameters the linear thermopower happens to be smaller than the nonlinear one.
The non-zero value of both Seebeck coefﬁcients Sn and Sd forV=0 inﬁgure 4(c) can be understood by
taking into account the lack of particle-hole symmetry, 2εd+U¹0, for the set of parameters used. For these
parameters the density of states is similar to that shown in panel (b) ofﬁgure 2. The differences between the
curves Sn(V ) and Sd(V ) for the sameΔT are of the same character as those observed inﬁgure 4(b), while the
global similarities between the two sets of curves calculated forΔT=0.005Γ0 andΔT=0.05Γ0 can be traced
back to a larger contribution to (∂I/∂ΔT) obtained from equation (8):
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is an odd function of the voltage, which implies that the resulting curves are nearly anti-symmetric with respect
toV=0 (and that the ordinates are equal, Sn(0)≈Sd(0)). The smaller contribution proportional to
-¶ ¶Df E TL( ( ) ) depends onV in a non-universal way. This causes the crossing of two coefﬁcients at various
voltages and forΔTwell beyond the validity of the linear approximation.
We remark that the differential Seebeck coefﬁcient, Sd, has been analysed in [31, 61]; in particular, the
authors claim that Sd allows for a better understanding of decoherence processes atﬁnite voltage. Indeed, as
observed inﬁgure 3(b), the decoherence processes atﬁnite voltageV aremainly induced by the increase of
temperature at one of the electrodes. These processes aremost effective at energies around the chemical
potential of the hotter electrode. It follows fromour calculations of Sd, which is typically larger than S, that
measuring the thermopower under aﬁnite voltage and sensing the temperature at the same timemay be
challenging, as the current ﬂow (over-)heats the system. In fact, overheating of ametallic quantumdot has been
observed in recentmeasurements of the thermovoltage in a two-terminal device [62], despite the open circuit
(I=0) condition.
Wenote that the asymmetry of the couplingsΓL¹ΓR also affects the Seebeck coefﬁcients. To see this, we
assumeV=0 and a relatively small temperature differenceΔT=0.03Γ0. Figure 5 shows S, Sn, and Sd,
calculated for symmetric coupling (thin lines) as well as for an asymmetric systemwithΓR/ΓL=2 (thick lines).
Interestingly, the largest decrease of the Seebeck coefﬁcient is observed at low temperatures, well below the
Kondo temperature, in agreement with recent ﬁndings [61] based on the non-crossing approximation. The
Seebeck coefﬁcient has aminimumat temperatures belowTK, and theminimum is lower for the asymmetric
Figure 5.The anisotropy of the couplingsΓR/ΓL¹1 results in increased absolute values of the Seebeck coefﬁcients.We show all
three coefﬁcients, albeit the temperature differenceΔT=0.03 is slightly beyond the validity of the linear approximation. Other
parameters of themodel read:U=8, εd=−5. TheKondo temperature isTK≈0.004 for the symmetric case,ΓR/ΓL=1, and
≈0.034 forΓR/ΓL=2.
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coupling. The asymmetry of the couplings is an important experimental observation [63], and should be taken
into account in any calculation comparingwith experiment [64].
The experimentmentioned above [62] has shown the usefulness of the nonlinear Seebeck coefﬁcient for the
analysis of the experimental data. The authors have directlymeasured the thermovoltageVth of a two-terminal
device, similar to that shown inﬁgure 1(a), however, for a sizablemetallic island. In order to compare
experimental data with theory,Vth was calculated as S·ΔT: notably, the agreement can be improved (details
depending on parameters)when using the nonlinear expression [62], i.e. the calculated Sn instead of S. The
remaining disagreement is likely due to heating. In this context, itmay also be useful to employ the differential
coefﬁcient, Sd. However, a detailed quantitative comparisonwith experimental results is beyond the scope of this
paper, since, inter alia, themodel investigated here likely is too simpliﬁed compared to themetallic islands
actually studied.
Our theory also allows to explain the results shown inﬁgure 4(a) of a recent experimental paper [29], albeit
with a notable exception. These authors have found ‘striking’ sign changes of the Seebeck coefﬁcients, in
addition to the standard sign change at the particle-hole symmetric point. These sign changes depend on the spin
conﬁguration of the quantumdot and are observedwith increasing temperature. In the experiment [29], S in
fact changes sign at three values of the gate voltage, with one of them at the particle-hole symmetric point. Two
other gate voltages at which sign changes appear are related to consecutive energy levels crossing the chemical
potential.
In our theory for the single-level quantumdot, the sign change is observedwhen one of the resonance levels
εd or εd+U crosses the Fermi level in response to the gate voltage. In order to describe this effect, we have
calculated the linear Seebeck coefﬁcient forU=12Γ0, and for three different temperatures, see ﬁgure 6. One
sees that the Seebeck coefﬁcient vanishes not only at the particle-hole symmetric point, εd+U/2=0, but also
at the points εd+U/2=−6Γ0 and εd+U/2=6Γ0. In the range εd+U/2>−6Γ0, S is positive for lowT
but negative for elevated temperatures. For the considered value ofU=12Γ0, and for a gate voltage such that
εd+U/2=−6Γ0, the doubly occupied level εd+U just crosses the chemical potential (located at zero energy)
frombelow. This implies that at this gate voltage the system crosses over fromdouble to single occupancy. A
similar situation is observed to the left of εd+U/2=6Γ0, when the level εd crosses the Fermi energy and the
occupancy changes from single occupation to emptywith increasing εd+U/2 frombelow to above 6Γ0.
The vanishing of the high temperature thermopower at these two points in our approach results from the
perfect symmetry of the dot density of states around the Fermi energy for the corresponding two gate voltages. At
very low temperature, the Kondo effect sets in andwe are getting very deepminimawhen εd or εd+U cross the
chemical potential, while experiment shows a localmaximumof the thermopower at these points forT<TK.
We emphasise that the typical asymmetry of theKondo peak outside the particle-hole symmetry point is well
reproduced by the present approach. The experimental data inﬁgure 4(a) in [29], on the other hand, seem to
showonly positive (or negative), i.e.ﬁnite values of S around those special points at the lowest temperatures,
with an apparentmaximum (minimum) at the gate voltage where the theoretical Seebeck coefﬁcient has a
dip (peak).
Figure 6. Linear Seebeck coefﬁcient (S), calculated for three temperaturesT=1, 0.3, and 0.05, versus εd+U/2whichmeasures the
distance from the particle-hole symmetric point. The interaction parameter isU=12, andΓL=ΓR. The indicated occupancy of the
level εd depends on the gate voltage.
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In this context, we alsowish tomention the experimental results presented by Svilans et al [65], which for
zeromagnetic ﬁeld are essentially very similar to ourﬁndings (ﬁgure 6). The experimental results are analysed
theoretically in [66]with focus on theﬁeld dependence, employing the numerical renormalisation group (NRG)
method.While this technique is numerically exact, it is limited to linear response. In particular, theNRG
method provides amaximumof S, in agreementwith experiment, where our elaborated EOMtechnique
predicts a dip. Seemingly, theNRGcharacterises the Kondo state better than the EOMmethod.
5. Three-terminal thermoelectric heat engine: the role of strongCoulomb interactions
As already noted, a thermoelectric device can serve as waste heat to electricity converter. Since energy harvesting
is an important issue at large and small scales, its proper understandingmay have important scientiﬁc and
societal implications. As discussed in the Introduction, the ﬁgure ofmerit,ZT, ceases to be a good quality
indicator in nanostructures [13, 15], and both the power and the efﬁciency are required. The quantities of
interest are themaximumpower, and the efﬁciency atmaximumpower. As it turns out the interactions between
electrons stronglymodify all transport characteristics. In the presentmodel, the linear response calculations
generally lead to lower values of η/ηC than those obtained from the fully self-consistent results, to be described in
the following.However, in both cases the interactions tend to diminish themaximal power and the efﬁciency.
The focus of this section is on the effects of strong interactions between the on-dot electrons on the
performance characteristics of the three-terminal heat engine shown inﬁgure 1(b). For the non-interacting case
butwell outside equilibrium, such a device has been studied earlier [28, 38]. Amore recent extension takes
screening effects into account, treating the interactions within amean-ﬁeld approximation [37]. Themain
conclusionwas that albeit the screeningmodiﬁes the parameters at which the engine is optimal, it does neither
change themaximal power nor the efﬁciency atmaximumpower. A similar heat engine has also been optimised
with respect to the transmission function [67].
In particular, we have found [37] that the three-terminal heat engine at optimised conditions attains an
efﬁciency slightly above 0.2 in units of the Carnot efﬁciency, and that this value is roughly the same as the one
without screening effects. The optimisation involved the effective coupling between the dots and the leads,
Γ/Tav, the temperature difference between the electrodes,ΔT/Tav, and the load voltage,V;Tav denotes the
average temperature of the system. (The couplingΓ introduced here refers to the symmetric case with
ΓL=ΓR=ΓH≡Γ [37]). The calculations have shown that the optimal coupling, i.e. the one leading to the
maximal power if other parameters remain ﬁxed, is of the order of the average temperature,Γ/Tav≈1. The
efﬁciency has been found to depend ratherweakly, and the power strongly on the temperature differenceΔT
between the hot (H),TH=T+ΔT, and the two cold (R, L) electrodes,TR=TL=T.
Here we shall pursue the analysis assuming nonlinear working conditions and taking strong interactions into
account. In particular, the calculations include theKondo regime. To this end, we use the general expressions (3)
for the charge and (4) for the heat currentﬂowing out of theλ lead, energy conservation, and the general
expression (11) for the on-dot Green function. From the charge currentﬂowing from the left to the right
electrode, and the heat currentﬂowing from the hot to the cold electrodes, we calculate the performance of the
engine as quantiﬁed by themaximumpowerP, and the efﬁciency η atmaximumpower.
In order to demonstrate the effect of the Coulomb interaction on the performance of the engine, we show in
ﬁgure 7 the efﬁciency η versus powerP. The efﬁciency ismeasured in units of the Carnot efﬁciency,
ηC=ΔT/TH=0.4, and the power is normalized by (kBTav)
2. The plot shown in panel (a) has been obtained by
calculating the heat and charge currents as well as the optimal voltage (and the power) for a given difference of
the dot’s energy levels,ΔE=εR−εL, where εR (εL) refers to the energy level of the right (left) dot, seeﬁgure 1.
Note that for appropriate values of εR (εL) and low temperature, the respective dotmay showKondo behaviour.
This has an important effect on the η–P plot.
In panel (a) ofﬁgure 7 one sees that theU=0 curve essentially encompasses all curves obtained for the
interacting case. Coulomb interactions generally suppress the performance characteristics—at least so under the
assumptions of the present approach, including thewide-band approximation. The temperature of all
electrodes are such that this system (ﬁgure 7(a)) is always outside theKondo regime.
To illustrate the behaviour of an engine working in theKondo regime, we show inﬁgure 7(b) a similar plot,
but obtained for a two-terminal system and amuch lower value of the average temperature. For the interaction
U=8Γ0, and temperaturesTL=0.15Γ0,TR=0.25Γ0, the dot enters the Kondo regime for a range of gate
voltages (or εd). TheKondo effect results in the appearance of the new performance branch on the η–P plane. As
visible in panel (b) of theﬁgure, this region is characterised by efﬁciencies and powers lower than those outside
theKondo regime.
The results shown inﬁgure 7 have been obtained under the assumption that the couplings to the leads equals
the average temperature,Γ=Tav, the valuewhich has been found to be optimal (i.e. leading to themaximal
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power) for the non-interacting system. Analogous to [37], we change the dots’ energy levels, thereby varying the
differenceΔE=εR−εL, and calculate the power and efﬁciency for eachΔE for the optimised value of the load
voltageV. The curves inﬁgure 7 are thus parametrised byΔE.
Regarding the experimental situation, very recently a three-terminal two-quantum-dot system identical to
the three-terminal system studied here has been found [68] to generate a power of 0.13 fW, its efﬁciency being
estimated to be larger than η≈0.1ηC. Toﬁnd the actual values of the device power, we need thewidth of the
resonance level,Γ. AssumingΓ=0.15meV (which is the average value of thosementioned in ﬁgure 4 of [68]),
weﬁnd that themaximal power inﬁgure 7(a) equals 3.92 fW. The corresponding estimate of the power at the
efﬁciency η/ηC=0.1 gives P=0.44 fW, in good agreementwith the experimental value, taking into account
the uncertainty in estimatingΓ, its non-optimal value in the actual experiment, and a possible asymmetry of the
couplings. In fact, themaximal efﬁciencywe obtain, for optimised parameters, is slightly above 0.2 of theCarnot
value.
6. Summary and conclusions
Wehave studied the thermoelectric transport properties of two- and three-terminal systemswith quantumdots,
paying attention to strong interactions of electrons on the dot(s) and far-from-equilibrium conditions. As
theoretical tool, we have used the suitably generalised equation ofmotion technique.We have shown that the
method is able to capture theKondo resonance even for a systemwith particle-hole symmetry. The voltage
across the system splits the resonance. Interestingly, the increase of the temperature of one of the electrodes
affects the Kondo resonance pinned to the chemical potential of that electrode. This adds to the discussion of
decoherence effects in non-equilibrium conditions. It turns out that the decoherencemainly takes place at
energies close to the chemical potential of the electrodewith temperature higher than theKondo temperature.
Of particular importance is the nonlinear regime at large external voltage biasV and large temperature
differenceΔT, since the linear approximation is hardly ever valid in nanostructures. This has been again
conﬁrmed here, and is visible as the detrimental effect of strong correlations on the performance of the three-
terminal optimised heat engine. Calculating themaximumpowerP and the efﬁciency η of the optimised device
for various interactionsU, we have observed that except at very low temperatures the curves calculated for
U¹0 are encompassed by the curve obtained for the non-interacting system.Obviously the ﬁltering properties
of the quantumdots are affected by the interactionswhich broaden or split the density of states, rendering the
ﬁlter less effective. This agrees with previous attempts at optimising heat engines by engineering the
transmission function [23, 67]. On the other hand, strong interactions are responsible for the second leaf on the
efﬁciency versus power plane, visible inﬁgure 7(b). This special feature appears at low temperatures when the
system enters the Kondo regime, albeit for a relatively small range of gate voltages. However, themaximum
values ofP and η arewell below those on themain branch.
The generalisation of the standard linear-response Seebeck coefﬁcient, S, to the strongly nonlinear regime
has led us to deﬁne two coefﬁcients, Sn and Sd, cf equations (15) and (16). Both are, in principle, valid for
arbitrary values ofV andΔT, albeit theﬁrst coefﬁcient, Sn, is easier to handle in systemswith zero external
voltage but arbitrarily large temperature difference between a given pair of electrodes. The second, called
differential Seebeck coefﬁcient, has been applied earlier [31, 61] to systemswithﬁnite currentﬂow and a small
Figure 7.Panel (a) shows efﬁciency versus power for the three-terminal quantumdot engine, assuming optimal values of the
couplings:ΓL=ΓR=ΓH≡Γ=Tav, withΔT=0.5,TL=TR=T=0.75,TH=T+ΔT=1.25,Tav=T+ΔT/2, and a few
values of the Coulomb interaction parametersU. Panel (b) shows the efﬁciency versus power plot for a two-terminal system. For
U=8 and a range of values of the dot energies εd, theKondo effect is observed at the considered temperatures. TheKondo effect
results in the second (lower) branch on the η–P plane. In theKondo region the performance of the system as a heat engine does not
exceed that in the other region.
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temperature difference. It has been generalized and studied here for arbitraryΔT in the presence of an external
voltage biasV. Interestingly, the asymmetry of the couplings to the external leads has a qualitatively similar
inﬂuence on both Seebeck coefﬁcients. They develop aminimum for temperatures well below theKondo
temperature. The observed quantitative differences between Sn and Sd are expected to be important for
temperature sensing bymeans of thermopowermeasurements [69].
The approach developed in this work has signiﬁcantly enhanced the understanding of non-equilibrium
thermal transport through quantum-dot based devices, in particular, it has the potential to describe the existing
aswell as future experiments on such systems.
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